Here we develop an explicitly covariant expression for the stationary phase approximation of a classical partition function based on geometric properties of the phase space. As an example of the utility of such an evaluation we show that in the case of the Hamiltonian ows generating conformal rescalings of the underlying geometry, the classical partition function is given exactly by the leading term of the stationary phase approximation. We give an explicit example of such an extension of the Duistermaat-Heckman theorem. Keywords: stationary phase approximation, equivariant localization.
Understanding the stationary phase approximation in general and speci cally the circumstances under which a partition function is given exactly by its saddle-point approximation reveals connections between classical mechanics and the geometry and topology of the associated phase space. The object of interest is the phase space partition function 
which describes the statistical dynamics (with imaginary temperature) of a classical Hamiltonian system. Here M is a 2n-dimensional phase space and ! = 1 2 ! (x)dx ^dx is the symplectic 2-form on M which is closed, d! = 0, and non-degenerate, det !(x) 6 = 0 8x 2 M. The matrix inverse ! of ! de nes the Poisson brackets fx ; x g = ! (x) of the dynamical system. H is a smooth Hamiltonian function on M which for simplicity we assume has a nite set of critical points I(H) = fp 2 M : dH(p) = 0g each of which is non-degenerate.
In many cases we can obtain useful information about a dynamical system by considering an asymptotic expansion for large-T of (1) with coe cients determined by the method of stationary-phase approximation. Most interesting and potentially useful are the cases where the resulting series in 1=T truncates at the rst term. Documenting the conditions under which such simpli cation occurs has been the basis of so-called localization theory in both mathematics and physics 4]{ 10] (see 11] for a recent review). An example of such a classi cation is the Duistermaat-Heckman theorem 1]{ 3] which states that if the phase space M is compact and closed and the classical time-evolution x(t) of the dynamical system traces out a torus (S In terms of quantities which one can de ne on the symplectic manifold, the DuistermaatHeckman theorem is attributed in physics literature to the case when the motion generated by the Hamiltonian is an isometry of some admissible Riemannian geometry -as is the case in the two examples given above. The main result here is the generalization of the Duistermaat-Heckman theorem to the case when the Hamiltonian ows are conformal motions on the symplectic manifold for some admissible Reimannian geometry. We de ne the Hamiltonian vector eld,
and let g be some Riemannian metric on M with L V g its in nitesimal variation along V . Then if L V g = g, Z(T) is given exactly by Z 0 (T). In words -if the Hamiltonian generates motions on the phase space which e ectively only rescale the metric, preserving angles then the associated partition function is stationary phase exact. Moreover, in two dimensions we can strengthen our conclusions: L V g = g if and only if Z(T) is given exactly by Z 0 (T).
The importance of such an observation lies in the fact that the number of Killing vectors for a given manifold is limited. For an m-dimensional manifold we can expect no more than m(m+1)=2 Killing vectors. In two dimensions for example one can exhaust the possibilities and show the examples given previously are essentially the only cases for which the Duistermaat-Heckman theorem applies 9]. In contrast we now have localization for ows which are given by conformal Killing vectors -in general a much larger set -in nite in fact in two dimensions. We will construct a particular example of this extension later but rst we turn to an outline of the general formalism used in this result.
The rst step in our construction is a simple rewrite of (1) Z(T)
The key to this formula lies in the fact that integration over M will be non-vanishing only for the 2n-form, the top form. At this point we introduce two operators which act on di erential forms, d and i V . Each is a nilpotent operator (d 2 = i 2 V = 0) where d is the usual di erential which takes m-forms to m + 1-forms and i V lowers by one the order of a form by contracting it in an antisymmetric fashion with the vector eld V . In general V is an arbitrary vector eld but here we will only be concerned with the Hamiltonian vector eld (3) which de nes the classical equations of motion through _ x (t) = V (x(t)). as bosonic degrees of freedom we see D V acting on its nilpotent subspace as a prototypical supersymmetric operator. In fact this is the route to generalizing the following to quantum mechanics.
We shall now derive a general integration formula for the partition function (1) in terms of geometrical objects on the phase space which will allow us to examine its localization features explicitly. Integrating by parts and using the localization due to the 1-form we arrive at our nal expression for the integral (1) in terms of geometrical characteristics of the phase space without boundary
The expression (7) represents an alternative to the conventional loop-expansion 12] which explicitly takes into account the geometric symmetries that make the 1-loop approximation exact. It is readily seen that (7) reduces to the Duistermaat-Heckman integration formula (2) whenever the Hamiltonian vector eld V is a conformal Killing vector of a metric g, i.e. L V g = g (8) where (x) = tr rV (x)=n. We note that for the isometric case, which is the standard interpretation of the Duistermaat-Heckman theorem, (x) 0.
In addition to this su ciency condition, in two dimensions (n = 1) one can show that the correction integral over the manifold M in (7) vanishes if and only if (8) is satis ed. This is accomplished by solving for the vanishing of the two-form g(V; )(L V g)(V; ). The result is an interesting formula for the Riemannian metric in terms of the de ning elements of the dynamical system and may lead to future applications of (7) when generalized to manifolds with boundary 13].
Having shown that there exists a much larger set of dynamical systems for which the stationary phase approximation exactly gives the classical partition function we now construct an explicit example. Since it is the simplest arena in which to work, we consider the plane M = IR 2 with its usual at Euclidean metric which in complex coordinates is ds 2 = dzd z. In this case the conformal Killing equations (8) become simply @ z V z = @ z V z = 0, and thus the conformal group of the at plane is generated by arbitrary holomorphic vector elds V z = F(z); V z = F( z) (these generate the in nite-dimensional classical Virasoro algebra). The classical equations of motion determined by the Hamiltonian ows of these vector elds are therefore the arbitrary analytic coordinate transformations _ z(t) = F(z(t)); _ z(t) = F( z(t)).
We shall now explicitly construct a Hamiltonian system associated with such a vector eld. For de niteness, we consider the conformal Killing vector which describes a Hamiltonian system with 3 distinct stationary points with the general case following simply, Here the complicated trajectories which coincide with the level curves of the Hamiltonian exhibit a distinct di erence between the usual circular phase space orbits of the simple harmonic oscillator. Additionally, for energies above E c = 1= we realize a one-to-two mapping of the plane as the point at w = 1 is now mapped to z = 1. For the example = 1 depicted in Fig. 1 there is a central hour-glass shaped region which can be seen to be in a one-to-one correspondence with the domain orbits. For energies greater than E c = 1 in this case, the classical trajectories of the system depend crucially on initial conditions as there are equivalent orbits about each singularity at z = 1. In fact the motion de ned by (9) and its generalizations are set apart by such singularities when compared to the simple harmonic oscillator.
In conclusion we have developed a general, geometric integration formula for the stationary phase approximation of the classical partition function of a dynamical system. The features of this formula are explicit covariance and the expression of corrections in terms of the Lie derivative of a metric on the phase space. Using this last aspect we are able to extend results of the Duistermaat-Heckman theorem from the case of the dynamical system generating isometries to more general conformal symmetries. Finally we see that there are non-trivial examples of this generalized approach at least on the two dimensional plane. 
